Let S be a set of vertices of a connected graph G. The Steiner distance of S is the minimum size of a connected subgraph of G containing all the vertices of S. The sum of all Steiner distances on sets of size k is called the Steiner k-Wiener index, hence for k = 2 we get the Wiener index. The modular graphs are graphs in which every three vertices x, y and z have at least one median vertex m(x, y, z) that belongs to shortest paths between each pair of x, y and z. The Steiner 3-Wiener index of a modular graph is expressed in terms of its Wiener index. As a corollary formulae for the Steiner 3-Wiener index of Fibonacci and Lucas cubes are obtained.
Introduction
All graphs in this paper are simple, finite and undirected. If G is a connected graph and u, v ∈ V (G), then the (geodetic) distance d G (u, v) (or simply d(u, v) if it is clear we are dealing with G) between u and v is the number of edges on a shortest path connecting u and v. The Wiener index W (G) of a connected graph G is defined by
It has been introduced in 1947 by Wiener who showed in [19] that there exist correlations between the boiling points of paraffins and their molecular structure. The average distance µ(G) of a graph G is defined to be the average of all distances between pairs of vertices in G, i.e. Hence W (G) = n 2 µ(G). In [2] Chartrand, Oellermann, Tian and Zou introduced The Steiner distance of a graph as a natural generalization of the geodetic distance. Let S be a set of vertices of a connected graph G. The Steiner distance d(S) of S is the minimum size (the number of edges) of a connected subgraph H of G containing all the vertices of S. Clearly H is a subtree of G, called Steiner tree connecting vertices of S. If S = {u, v}, then the Steiner distance coincides with the geodetic distance. See the survey on Steiner distance in [14] for known results.
The average k Steiner distance µ k (G) of a graph G has been introduced by Dankelmann, Oellermann, and Swart in [3] , as the average of the Steiner distances of all subsets of V (G) of size k, i.e.
For 2 ≤ r < k, Dankelmann, Oellermann, and Swart [3] established a relation between µ r (G), µ k+1−r (G), and µ k (G).
The bounds in Theorem 1.1 are sharp for the complete graph. In [3] it has been noted that for each connected graph G of order n and 3 ≤ k ≤ n,
Regarding the lower bound for µ k (G) in terms of µ(G), the conjecture has been posed in [3] that the smallest ratio µ k (G)/µ(G) taken over all connected graphs G of order n where n ≥ k, is attained if G is the path. More formally: If G is a connected graph of order n and 3 ≤ k ≤ n, then
In [3] it has been proved that the conjecture is true for k = 3 and k = n. Later the conjecture has been disproved in [8] by Jiang, who showed that for all positive integers m ≥ 2, we have
Hence, in particular,
In [13] , Li, Mao and Gutman introduced the Steiner
For k = 2, the Steiner k-Wiener index coincides with the Wiener index. The average k-Steiner distance µ k (G) is related to the k-Steiner Wiener index via the equality
In [13] the formulae for the exact values of the k-Steiner Wiener index of several simple families of graphs have been derived together with sharp lower and upper bounds for general graphs and trees. Moreover it has been shown that the Steiner 3-Wiener index of a tree of order n is directly related to the ordinary Wiener index as follows.
The paper is organised as follows. In Section 2 we generalise Theorem 1.2 to modular graphs, and obtain the inequality holding for general graphs. In Section 3 the Steiner 3-Wiener index of Cartesian product of modular graphs is expressed in terms of the Steiner 3-Wiener index of the factor graphs. In Section 4 we derive formulae for the Steiner 3-Wiener index of Fibonacci and Lucas Cubes. In Section 5 we derive a formula for the Steiner 3-Wiener index of block graphs. In the final section we conclude with an open problem on the number of non-modular triplets in a graph G and its relation with the Steiner 3-Wiener index of G.
Steiner 3-Wiener index of modular graphs
The interval I(u, v) between two vertices u and v consists of all vertices that are on shortest paths joining u and v. A graph G is a modular [1] if for every three vertices x, y, z there exists a vertex w that lies on a shortest path between every two vertices of x, y, z, i. e.
Their name comes from the fact that a finite lattice is a modular lattice if and only if its Hasse diagram is a modular graph. It is easy to see that a modular graph is a bipartite graph. Examples of modular graphs are trees, hypercubes, grids, complete bipartite graphs, etc. The simplest example of non-modular graphs are cycles on n vertices, for n = 4, and complete graphs. A graph G is called a median graph if equality holds in (3) . Hence in a median graph every triple of vertices u, v, w has a unique median -a vertex that simultaneously lies on a shortest u, v-path, a shortest u, w-path, and a shortest v, w-path. For S ⊆ V (G), the 2-intersection interval of S is the intersection of all intervals between pairs of vertices from S:
Hence modular graphs are those graphs for which the 2-intersection interval of every triple of vertices is non-empty. The following result is from [7] .
Theorem 2.1. Let S = {u 1 , u 2 , . . . , u n } be a set of n > 2 vertices of a graph G. If the 2-intersection interval of S is nonempty and x ∈ I 2 (S), then
Let G be a connected graph. A triplet of vertices x, y, z ∈ V (G) is called a modular triplet if I(x, y) ∩ I(x, z) ∩ I(y, z) = ∅. Next we provide the connection between 3-Steiner Wiener index and Wiener index of a graph.
Theorem 2.2. Let G be a graph on n vertices. Then,
with the equality if and only if G is a modular graph.
Proof. Let S = {a, b, c} ⊆ V (G), |S| = 3, and let G be a modular graph. Then there exist x ∈ I 2 (S). By Theorem 2.1 it follows that d(S) = d(a, x)+d(b, x)+d(c, x). There are two possibilities: x ∈ S or x / ∈ S. Case 1. x ∈ S Without loss of generality, let , c) ). Each pair of vertices in a graph on n vertices belongs to n − 2 different triples of vertices, hence it follows.
Since trees are modular graphs Theorem 2.2 generalises Theorem 1.2. Moreover the inequality for general graphs coincides with the inequality 1 for k = 3, proved for k by Dankelmann, Oellermann, and Swart in [3] .
Steiner 3-Wiener index of Cartesian products of modular graphs
The Cartesian product G H of two graphs G and H is the graph with vertex set V (G) × V (H) and (a, x)(b, y) ∈ E(G H) whenever either ab ∈ E(G) and x = y, or a = b and xy ∈ E(H). The following result has been obtained by Graovac and Pisanski [4] and Yeh and Gutman [18] .
Theorem 3.1. Let G and H be connected graphs. Then
For k ≥ 3 the situation is much more complicated. In [15] , Mao Wang and Gutman obtained the following bounds. Theorem 3.2. Let G be a connected graph with n vertices, and let H be a connected graph with m vertices. Let k be an integer with 2 ≤ k ≤ nm. Then
where x i=1 r i = k and r i ≥ 1, and
Since interval of Cartesian product G H equals the Cartesian product of the corresponding intervals in G and H, it follows that the Cartesian product of two modular graphs is a modular graph. Theorem 3.3. Let G and H be modular graphs. Then,
Proof. Since |G H| = |V (G)| · |V (H)| by Theorem 2.2 and Theorem 3.1 it follows that
Note that the simplest way to calculate Steiner 3-Wiener index of Cartesian product of modular graphs is by applying the equality
Steiner 3-Wiener index of Fibonacci and Lucas Cubes
Fibonacci cubes were introduced as a model for interconnection networks in [5, 6] . Lucas cubes were introduced in [16] for similar reason. They have been studied extensively afterwards, see survey [10] . The Fibonacci numbers F n are defined as F 1 = F 2 = 1, F n = F n−1 + F n−2 for n ≥ 3, and the Lucas numbers as
. Lucas numbers are related to Fibonacci number by the identities
The vertex set of the n-cube Q n consists of all binary strings of length n, two vertices being adjacent if the corresponding strings differ in precisely one place. A Fibonacci string of length n is a binary string b 1 b 2 . . . b n with b i b i+1 = 0 for 1 ≤ i < n, that is, a binary string without two consecutive ones. The Fibonacci cube Γ n (n ≥ 1) is the subgraph of Q n induced by the Fibonacci strings of length n. For convenience we also set Γ 0 = K 1 . Call a Fibonacci string b 1 b 2 . . . b n a Lucas string if b 1 b n = 0. Then the Lucas cube Λ n (n ≥ 2) is the subgraph of Q n induced by the Lucas strings of length n. We also set Λ 0 = K 1 . For the Fibonacci cubes we have |V (Γ n )| = F n+2 , see [6] , and for the Lucas cubes we have |V (Λ n )| = L n , see [16] .
The Fibonacci cube Γ 1 is isomorphic to the path graph P 2 on two vertices, Γ 2 to the path graph P 3 , Γ 3 to the banner graph -4-cycle and path graph P 2 joined in a common vertex. The Lucas cube Λ 2 is isomorphic to the path graph P 3 , Λ 3 to the star on four vertices S 4 , and Λ 4 to two 4-cycles joined in a common vertex. The Fibonacci cubes Γ 4 and Γ 5 and the Lucas cube Λ 5 and their corresponding binary labels of vertices are shown in Figure 1 .
We sumarize the main results from [11] in the following theorem. 
In [9] Klavžar has shown that Fibonacci and Lucas cubes are median graphs. Hence they are modular graphs and we can apply Theorem 2.2 and Theorem 4.1 to obtain formulae for the Steiner 3-Wiener index of Fibonacci and Lucas cubes.
The first values of the sequence {SW 3 (Γ n )} are: 0, 0, 2, 24, 162, 968, 5206, 26672, 131652, 634752, 3006708 , . . .
The first values of the sequence {SW 3 (Λ n )} are: 0, 0, 2, 9, 100, 540, 3120, 15876, 79560, 384615, 1830730 . . . Corollary 4.3. Let k be an integer with 2 ≤ k. Then
Proof. From Binets formula for the Fibonacci numbers, see [20] , it follows that
Then (i) and the fact that |V (Γ n )| = F n+2 imply:
See [21] for the following equality: L 2 n = 5F 2 n + 4(−1) n . Then (ii) and the fact that |V (Λ n )| = L n imply:
Steiner 3-Wiener index of block graphs
A block of a graph is a maximal connected vertex induced subgraph that has no cut vertices. A block graph is a graph in which every block is a clique. In [17] Steiner distance related subsets of vertices of block graphs has been studied, followed by the study of Steiner k-Wiener index of block graphs in [12] . A claw-free graph is a graph in which no induced subgraph is a claw, i.e. a complete bipartite graph K 1,3 . Claw-free block graphs are block graphs which are claw-free. They are equivalent to the line graphs of trees.
For a graph G, let n(G) denote the number of its vertices. For a graph G with p, p ≥ 3, connected components G 1 , G 2 , . . . , G p let
For a graph G with p, p < 3, connected components we set N 3 (G) = 0. Note that N 3 (G) counts the number of triplets of vertices belonging to three different connected components of G.
Let G be a block graph with blocks B 1 , B 2 , . . . , B t , and let G \ B i denote a graph obtained from G by deleting all edges from block B i . Let nm(G) denote the number of non-modular triples of graph G.
Lemma 5.1. Let G be a block graph with blocks B 1 , B 2 , . . . , B t . Then Hence for exactly one of the blocks B i , B j and B k it holds that it has a nonempty intersection with the shortest path between the vertices from the remaining two blocks. W. l. o. g. let this be block B k , where c ∈ B k . Hence a, b and c belong to three different connected components of G \ (B k ) and for any other block B j they belong to at most two connected components of G \ (B j ).
From the proof of Lemma 5.1 it follows that block graphs are pseudo-median graphs: for every three vertices, either there exists a unique vertex that belongs to shortest paths between all three vertices, or there exists a unique triangle whose edges lie on these three shortest paths.
Theorem 5.2.
Let G be a block graph with blocks B 1 , B 2 , . . . , B m and |V (G)| = n. Then 
